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What is the real role of the quantum coherence and entanglement in the radical pair (RP) compass,
and what determines the singlet yield have not been fully understood. In this paper, we find that
the dark states of the two-electron Zeeman energy operator (TEZE) play an important role in the
RP compass. We respectively calculate the singlet yields for two initial states in this dark state
basis: the coherent state and the same state just removing the dark state coherence. For the later
there is neither dark state coherence nor entanglement in the whole dynamical process. Surprisingly
we find that in both cases the singlet yields are the same, and based on this result, we believe that
the dark state population determines the singlet yield completely, and the dark state coherence and
entanglement have little contribution to it. Finally, we also find that the dark state population as
well as the singlet yield anisotropy is fragile to the vertical magnetic noise. However, the orientation
is robust and is even enhanced by the parallel magnetic noise because the dark states expand a
decoherence-free subspace. The dark state population as well as the orientation is more robust to
the hyperfine coupling noise.
I. INTRODUCTION
. It is well known that certain migratory birds can use
the Earth’s magnetic field for orientation and navigation.
As one of the main hypotheses to explain the magnetic
sensing, the RP mechanism [1–14] was first proposed in
the pioneering work by Schulten et al. [15]. In the RP
mechanism, the spin relaxation should be slow enough,
i.e., the lifetime should be long enough, generally in the
order of 10−6-10−5s [5, 8], or even 10−4s [7]. Several
important experiments support this RP mechanism [16–
28]. The underlying mechanism in such a RP compass
is clearly of quantum mechanical nature, thus to what
extent and under what conditions the quantum coherence
or entanglement can play a positive role in RP compass
has aroused great interest.
In the RP mechanism, due to the optical excitation
the molecular conformation changes and the distance be-
tween two electrons increases. As a result, the electron-
nuclear hyperfine interaction plays a dominant role in-
stead of the exchange interaction. The singlet and triplet
states are no longer the eigenstates of the RP Hamilto-
nian. Consequently, the singlet-triplet coherence is cre-
ated and believed to be required for the RP navigation
[29–31]. A quantitative connection between the compass
sensitivity and the initial global electron-nuclear quan-
tum coherence has been established, i.e., initial global
coherence makes a more dominant contribution to the
compass sensitivity as compared with local electronic co-
herence [12]. On the other hand, it has been pointed that
the entanglement should last long enough to be used for
bird’s navigation [7, 32, 33]. And the interesting con-
nections between the entanglement and the sensitivity of
magnetic field intensity have also been found when the
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RP lifetime is not too long compared with the entangle-
ment lifetime [9]. But for the singlet yield anisotropy
(magnetic field direction sensitivity), quantum entangle-
ment seems to have no direct contribution to it. The
separable initial states can lead to more singlet yield
anisotropy than the initial singlet state [7, 9]. Hore and
his co-workers investigated the relation between compass
properties and initial entanglement in detail, and found
that it is somewhat complex [13]. For example, under
certain conditions the initial entangled state can create
the significant singlet yield anisotropy, but on the other
condition the non-entangled initial states can lead to ap-
preciable anisotropy [13]. Besides the roles of quantum
coherence and entanglement, the effects of decoherence
on the RP has also been investigated, and it has been
found that some kinds of decoherence, can play positive
roles in the RP compass [9, 10, 34, 35], for example the
performance of RP compass can be enhanced by the pres-
ence of correlated dephasing [10]. We can see that some
conclusions above looks inconclusive, or even contradic-
tive and what really determines the orientation, entangle-
ment, coherence or someone else is still an open question.
In the RP mechanism, the hyperfine coupling which
induces the singlet-triplet conversion depending on the
magnetic field plays an essential role. The hyperfine in-
teraction depends on the species of the nucleus and its
location with respect to the electron wave function. The
electron is usually influenced by the environment, and
then the hyperfine coupling strength is not a constant
but might fluctuate. Besides, there is ubiquitous exter-
nal magnetic noise around the avian compass. So it is
very important to investigate the effects of these noises
on the RP navigation.
In this paper we investigate who determines the sin-
glet yield, entanglement, coherence or someone else. We
should note that quantifying coherence should be in a
specific basis [36–38], and we find that the dark states
of TEZE play a very important role in the RP compass.
2We define the quantum coherence in this dark state ba-
sis, and investigate its contribution to the singlet yield
anisotropy. We prove that the dynamical process of the
RP is an incoherent and local operation which can not
create any coherence of the dark state of TEZE as well as
any entanglement. Furthermore, we respectively calcu-
late the singlet yields for two initial states: the coherent
state (in the dark state basis) and the same state just
removing the dark state coherence with the dark state
population being preserved. For the later there are nei-
ther dark state coherence nor entanglement in the whole
dynamical process. Surprisingly we find that in both
cases the singlet yields are the same, and based on this
result, we believe that the dark state population deter-
mines the singlet yield completely, and the dark state
coherence and entanglement have little contribution to
the singlet yield.
Also, we investigate the effects of hyperfine cou-
pling noise and the magnetic noise on the singlet yield
anisotropy. Although these noises are all inducing deco-
herence, their effects on the singlet yield anisotropy are
significant different. The dark state population as well as
the singlet yield anisotropy, is very fragile to the vertical
magnetic noise, but is robust to and is even enhanced
by the parallel magnetic noise. As for the hyperfine cou-
pling noise, we find that the dark state population is very
robust to the hyperfine noise, so that the orientation is
very robust to the hyperfine noise.
II. RP MODEL AND DARK STATE
The RP compass consists of two electronic spins cou-
pled to an external magnetic field, and one of them inter-
acts with the nuclei around it and the other is devoid of
the hyperfine interaction. The hyperfine interaction pro-
vides asymmetry and leads to singlet-triplet transition
required for the direction sensitivity. This model is veri-
fied by the RPs [C•+−P−F•−] [4] and [FADH•+O•−
2
]
[39]. The corresponding Hamiltonian is
Hˆ0 = γB · (Sˆ1 + Sˆ2) +
∑
n
Sˆ1 ·An · Iˆn, (1)
where Iˆn ≡ (Inx, Iny, Inz) is the nuclear spin operator,
and An is the anisotropic hyperfine tensor with a diag-
onal form An = diag(Anx, Any, Anz). And we consider
an axially symmetric molecule, i.e., Anx = Any . Sˆi ≡
(σix, σ
i
y, σ
i
z) are the electronic spin operators (i = 1, 2),
and γ = µBgs/2 is the gyromagnetic ratio, with µB be-
ing the Bohr magneton and gs = 2 being the g-factor of
the electron. B is the external magnetic field around the
RP:
B = B0(sin θ cosφ, sin θ sinφ, cos θ), (2)
where B0 is the intensity of the Earth’s magnetic field,
and θ and φ describe its orientation to the basis of the
hyperfine interaction tensor. Due to the axial symme-
try of the hyperfine tensor we set φ = 0 and focus on
θ ∈ [0, pi/2] without loss of generality. This is supported
by the experiment that the avian compass does not de-
pend on the polarity of magnetic field but only on its
inclination [16]. We consider the same singlet and triplet
recombination rates, i.e., kS = kT = k, and in this case,
the singlet yield can be calculated as
Φs =
∫ ∞
0
r(t)fs(t)dt, (3)
where r(t) = k exp(−kt) is the radical recombination
probability distribution [2], and fs(t) = 〈S|ρs(t)|S〉
is the population of the singlet state |S〉. ρs(t) =
TrI [U(t)ρs(0)⊗ρI(0)U †(t)] is the reduced electronic spin
state at time t with the partial trace over the nuclear
subspace, where U(t) = exp[−iH0t] is the evolution op-
erator. It has been shown in different scenarios that k
should the order of 104s−1, [7, 14, 40] so in this paper
we let k = 104s−1. The nuclei are initially in a com-
pletely mixed state, i.e., ρI(0) = 1/2
N
∑
i |i〉〈i|, and N
is the total number of the nuclei, and |i〉 is the basis of
the nuclear environment. Generally we suppose that the
electronic spins are initially in the singlet state |S〉 unless
otherwise specified.
Through our calculation we find that the dark states
(the corresponding eigenvalues are zero) of TEZE (the
first term of Eq. (1)) play an important role in the RP
model. Defining
M(θ) =
∑
i
sin θσix + cos θσ
i
z , (4)
TEZE can be expressed as
HB = γB · (Sˆ1 + Sˆ2) = γB0M(θ). (5)
The eigenvectors of M(θ) are as follows:
|D1(θ)〉 = |ψ1(θ)〉 ⊗ |ψ⊥2 (θ)〉,
|D2(θ)〉 = |ψ⊥1 (θ)〉 ⊗ |ψ2(θ)〉,
|B1(θ)〉 = |ψ1(θ)〉 ⊗ |ψ2(θ)〉,
|B2(θ)〉 = |ψ⊥1 (θ)〉 ⊗ |ψ⊥2 (θ)〉
(6)
with the eigenvalues 0, 0, 2, -2, respectively. |ψi(θ)〉 =
cos θ2 |1〉i+sin θ2 |0〉i, |ψ⊥i (θ)〉 = sin θ2 |1〉i−cos θ2 |0〉i are the
eigenvectors of γB · Sˆi (i = 1, 2) with the corresponding
eigenvalues γB0 and −γB0, respectively. σiz|1〉i = |1〉i
and σiz |0〉i = −|0〉i. Obviously, |D1(θ)〉 and |D2(θ)〉 are
the dark states ofHB andM(θ), and |B1(θ)〉 and |B2(θ)〉
are the bright states. From Eq. (6) it can be seen that the
dark states and the bright states are all product states,
and have no any correlation between the two electrons.
The singlet state |S〉 is invariant to rotations in the elec-
tron spin space, meaning that it is isotropic [13]. So that
3the singlet state can be expressed as
|S〉 = 1√
2
(
|ψ1(θ)〉 ⊗ |ψ⊥2 (θ)〉 − |ψ⊥1 (θ)〉 ⊗ |ψ2(θ)〉
)
=
1√
2
(
|D1(θ)〉 − |D2(θ)〉
) (7)
which only depends on the dark states. Thus the singlet
state population can be divided into two parts, i.e.,
fs(t) = fp(t) + fc(t), (8)
where
fp(t) =
1
2
(
〈D1(θ)|ρs(t)|D1(θ)〉 + 〈D2(θ)|ρs(t)|D2(θ)〉
)
(9)
and
fc(t) = −1
2
(
〈D1(θ)|ρs(t)|D2(θ)〉+ 〈D2(θ)|ρs(t)|D1(θ)〉
)
.
(10)
We define fc(t) and fp(t) as the dark state coherence and
population at time t, respectively, whose contributions to
the singlet yield are:
Φp =
∫ ∞
0
r(t)fp(t)dt, (11)
Φc =
∫ ∞
0
r(t)fc(t)dt. (12)
Obviously, Φs = Φp+Φc. The essential of the orientation
is the singlet yield anisotropy, i.e., the singlet yield Φs is
different for different θ.
III. CONTRIBUTIONS OF THE DARK STATE
COHERENCE AND POPULATION TO THE
SINGLET YIELD
We firstly consider a simple case that only the vertical
hyperfine coupling is considered, i.e., Anx = Any = 0.
The nuclear spins can then be treated as inducing an ef-
fective magnetic field (depending on their initial states)
for the electron spin. Although this model is very sim-
ple, the basic physical process for the magnetoreception
holds. And such a simple model allows us to obtain ana-
lytic results which are quite useful for understanding the
essential effects of the dark state coherence and popula-
tion.
Now we consider the most basic RP model that there
is only one nucleus around the electron, i.e., N = 1 (the
multi-nuclei RP model is discussed in Appendix A). If
the nuclear spin is in the up (down) state | ↑〉 (| ↓〉), the
effective magnetic field is Azzˆ/γ (−Az zˆ/γ) with zˆ being
the z direction. The dark state population and coherence
at time t can be calculated as
fp(t) =
1
2
(
fp+(t) + fp−(t)
)
, (13)
fc(t) =
1
2
(
fc+(t) + fc−(t)
)
. (14)
where
fp±(t) =
1
2
[
1− 1
2
sin2(θ± − θ)
[
1− cos(2ω±t)
]]
(15)
and
fc±(t) =
1
2
[
cos4
θ± − θ
2
cos
[
2(ω± − ω0)t
]
+ sin4
θ± − θ
2
cos
[
2(ω± + ω0)t
]
+
1
2
sin2(θ± − θ) cos(2ω0t)
]
.
(16)
The symbol + (−) means that the initial nuclear spin
state is | ↑〉 (| ↓〉). B± =
√
B2x + (Bz ±Az/γ)2, ω± =
γB±, sin θ± = Bx/B±, cos θ± = (Bz ± Az/γ)/B±,
ω0 = γB0. From Eq. (15) (Eq. (16)) we can see that
fp(t) (fc(t)) oscillates with 2ω± (2(ω±−ω0), 2(ω±+ω0)
and 2ω0). It has been shown that the hyperfine coupling
strength should be stronger than the geomagnetic field
intensity [14]. When the hyperfine coupling is relatively
strong compared with the geomagnetic field, ω± − ω0,
ω± + ω0, ω± and ω0 ≫ k. The time integral of these
high-frequency oscillation terms of fc(t) and fp(t) ap-
proximately equal to zero, i.e., they have little contribu-
tion to the singlet yield. Neglecting the high-frequency
oscillations, fp(t) and fc(t) can be expressed as
fp(t) ≈ 1
2
− 1
4
sin2(θ± − θ) (17)
and
fc(t) ≈ 0. (18)
Substituting Eq. (17) (Eq. (18)) into Eq. (11) (Eq.
(12)), we obtain
Φp ≈ Φs ≈ 1
2
− 1
4
sin2(θ± − θ), (19)
Φc ≈ 0. (20)
Φc is always zero and Φp is always equal to Φs, which
means that the singlet yield is determined completely by
the dark state population and is independent of the dark
state coherence.
Now we consider the horizontal hyperfine interaction,
i.e., Anx = Any 6= 0 and in this case the analytical result
can not be obtained. For convenience of our discussion,
we define Λ ≡ γ × 46µT as the energy scale, which is
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FIG. 1. (Color online) The singlet yields Φs (black-solid line),
Φc (blue-dotted line) and Φp (red-dashed line) as functions of
θ for B0 = 46µT, Az = 5Λ and Ax = Ay = 3Λ. It should be
noted that Φp coincides with Φs.
the electronic spin energy induced by the geomagnetic
field of 46µT in Frankfurt [22]. For the single-nucleus
RP model (N = 1) we consider Ax = Ay = 3Λ, Az = 5Λ
and B0 = 46µT as an example and numerically calculate
the singlet yield as shown in Fig. 1. From Fig. 1 we can
see that Φc is always zero and Φp always coincides with
Φs along different directions, which means that the dark
state population determines the singlet yield completely.
In Appendix B we consider two important experiments
that the bird can adapt to different field intensities [16–
19] and the weak oscillating field can completely disorient
the bird [20–23] which support the RP mechanism, and
we also explain these experimental results from the point
view of the dark state population.
Recently, Hore and his coworkers [13] have pointed
out that the singlet yield anisotropy (the singlet yield
is different for different θ), is essential to the mag-
netic sensitivity, which not only can come from the
anisotropic hyperfine interaction but also can come from
the anisotropic initial state. More specifically, if the ini-
tial state is isotropic (for example the singlet state |S〉),
the anisotropic hyperfine interaction (Anx = Any 6= Anz)
can induce the singlet yield anisotropy; and if the hyper-
fine interaction is isotropic (Anx = Any = Anz), the
anisotropic initial state (for example the triplet state
|T0〉 = (|10〉 + |01〉)/
√
2) can also induce the yield
anisotropy. In Appendix C we also consider the singlet
yield anisotropy coming from the anisotropic initial state,
and the same conclusion that the singlet yield is com-
pletely determined by the dark state population is also
arrived at.
Although the singlet yield is completely determined by
the dark state population, we can not yet draw a conclu-
sion that the dark state coherence has no contribution to
it, because there is the dark state coherence in the initial
state (the singlet yield |S〉) and we do not know whether
the initial dark state coherence influences the dark state
population in the dynamics, so that influences the singlet
yield indirectly. To answer this question, we can remove
the initial dark state coherence, i.e., using an incoherent
state. But only removing the initial dark state coherence
is not enough, since it is not sure whether the dynamical
process is an incoherent operation or not (i.e., whether
the dynamical process generate the dark state coherence
from an incoherent state or not). A completely positive
trace preserving map Λ is said to be an incoherent opera-
tion if it can be written as Λ(ρ) =
∑
lKlρK
†
l with the in-
coherent Kraus operators mapping every incoherent state
to some other incoherent states, i.e., KlIK†l ⊆ I, where
I is the set of incoherent states and ∑lK†lKl = I [36].
In the RP model, the dynamical map can be expressed
as
Λ
(
ρs(0)
)
=
∑
ij
Kijρs(0)(Kij)
†, (21)
with the Krause operator being
Kij =
1
2N/2
U ij1 (t)U2(t), (22)
where U ij1 (t) = 〈i|U1(t)|j〉, U1(t) = exp[−i(γB · Sˆ1 +∑
n Sˆ1 · An · Iˆn)t], U2(t) = exp[−iγB · Sˆ2t], and |i〉 (or
|j〉) is the basis of the nuclear bath. In the dark state
basis, the incoherent state can be expressed as ρin =
p1|D1〉〈D1| + p2|D2〉〈D2| with p1 + p2 = 1. It can be
proved that
Tr
[
Kijρin(Kij)
†|Dm〉〈Dm′ |] = 0, (23)
where m, m′ = 1, 2 and m 6= m′. The Krause operator
Kij can not produce the dark state coherence from the
incoherent states, or the dynamical dark state coherence
completely comes from the initial dark state coherence.
In this sense, the dynamical map (Eq. (21)) is an inco-
herent operation.
If we remove the dark state coherence from the ini-
tial singlet state |S〉, i.e., consider the incoherent state
ρins (0) =
1
2 |D1〉〈D1| + 12 |D2〉〈D2|, according to the dis-
cussion above the dark state coherence in the dynamics
is obviously zero and the dark state population at time t
is
f inp (t) =
1
2
(
〈D1(θ)|Λ(ρins (0))|D1(θ)〉
+ 〈D2(θ)|Λ(ρins (0))|D2(θ)〉
)
= fp(t).
(24)
Interestingly, the dark state population are not influenced
and its contribution to the singlet yield is
Φinp = Φp ≈ Φs. (25)
It can be seen that whether removing the initial dark
state coherence or not, the singlet yield comes from the
5dark state population can not be influenced and is equal
to Φs. This means that the initial dark state coherence
have little contribution to the singlet yield.
We also note that because the dark states are all
the product states for two electrons, the incoherent
state ρin = p1|D1〉〈D1| + p2|D2〉〈D2| = p1|ψ1〉〈ψ1| ⊗
|ψ⊥2 〉〈ψ⊥2 |+p2|ψ⊥1 〉〈ψ⊥1 |⊗|ψ2〉〈ψ2| is a separable state, and
has no any quantum correlation (entanglement). And the
dynamical map (Eq. (21)) is a local operation due to no
interaction between the two electrons, and only map the
separable state (incoherent state) ρin to another separa-
ble state (incoherent state)
Λ
(
ρin
)
=
p1
2N
∑
ij
U ij1 (t)|ψ1〉〈ψ1|(U ij1 (t))† ⊗ |ψ⊥2 〉〈ψ⊥2 |
+
p2
2N
∑
ij
U ij1 (t)|ψ⊥1 〉〈ψ⊥1 |(U ij1 (t))† ⊗ |ψ2〉〈ψ2|.
(26)
So it can be concluded that the dynamical map Λ is an
incoherent and local operation that can not create any
dark state coherence as well as any quantum correlation
(entanglement). From Eqs. (24) and (25), it can be seen
that if we consider an initial separable state (incoherent
state) ρins (0) =
1
2 |D1〉〈D1| + 12 |D2〉〈D2| compared with
the initial singlet state |S〉 (an entangled state), the dark
state population as well as the singlet yield remains the
same. Thus another interesting result, quantum correla-
tions have little contribution to the magnetic sensitivity,
is obtained. So it can be concluded that the dark state
population makes the main contribution to the magnetic
sensitivity, and the dark state coherence and entangle-
ment have little contribution to it. It should be noted
that it is only the dark state coherence has little con-
tribution to the time integrated singlet yield, but if we
consider quantum coherence in other basis, it may play
a certain role. For example, the singlet-triplet coherence
is believed to be required for the RP navigation [36–38].
One should note that according to Eq. (10) the dark
state cohernce fc(t) can be expressed as
fc(t) =
− 1
2N
Re
[
ei2ω0t〈D1(θ)|
∑
ij
U ij1 (t)ρs(0)(U
ij
1 (t))
†|D2(θ)〉
]
.
(27)
For any initial state ρs(0), and any interaction
∑
n Sˆ1 ·
An · Iˆn (i.e, any time evolution operator U1(t)) between
electron 1 and the corresponding nuclear bath, the dark
state coherence fc(t) has a fixed oscillating factor e
i2ω0t
where the frequency 2ω0 is far greater than k, so that it
does not contribute to the singlet yield. This means that
in the present RP model, the conclusion that it is the dark
state population rather than the dark state coherence and
entanglement determines the singlet yield, is independent
of the hyperfine interaction and the initial RP state.
That the singlet yield is completely determined by the
dark state population and has nothing to do with the
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FIG. 2. (Color online) The singlet yield Φs as functions of
the direction angle θ for (a) the vertical magnetic noises and
(b) the parallel magnetic noises. Az = 5Λ, Ax = Ay = 3Λ,
B0 = 46µT.
dark state coherence and entanglement can be under-
stood as follows. Generally, the nuclear environment lim-
its the time scale of coherence behavior to τ ∼ 1/A¯ =
N/
∑ |An| ∼ 10−8s which is much shorter than the RP
lifetime 1/k = 10−4s, so that the dark state coherence has
no time to contribute to the magnetic sensitivity, which
is different from the magnetometry based on diamond
in which the electronic coherence plays an essential role
in the magnetic sensitivity [41–43]. In another word, if
the RP lifetime is approximately equal to or shorter than
τ , i.e., the recombination rate k is sufficiently large, the
dark state coherence even quantum correlation can have
enough time to contribute to the singlet yield. The con-
nection between the entanglement and the magnetic sen-
sitivity is established when the RP lifetime is supposed
to be not too long, such as k = 5.8 × 108s−1, compared
with the entanglement lifetime [9]. In this paper if we
also set k = 5.8 × 108s−1, the dark state coherence will
contribute to the singlet yield, because the lifetime scale
1/k = (1/5.8)× 10−8s is the same order of τ ∼ 1/A¯ for
A¯ ∼ 5Λ, and the dark state coherence and entanglement
can have enough time to contribute to the singlet yield.
IV. EFFECTS OF THE NOISES
There are ubiquitous noises around the RP, and the
investigation of the effects of the noises on the magnetic
sensitivity has both theoretical and practical significance.
The Hamiltonian of the noise can be expressed as
Hˆ ′(t) = h(t)hˆ. (28)
Considering a Gaussian white noise, i.e., 〈h(t)〉 = 0 and
〈h(t)h(τ)〉 = Γδ(t − τ), and after some derivations (see
Appendix D) we can obtain the standard master equation
d
dt
ρ(t) = −i[H0, ρ(t)]− Γ[hˆ, [hˆ, ρ(t)]]. (29)
6A. magnetic noise
Firstly we consider the magnetic noise due to its ubiq-
uity around the world. The magnetic noise Hamiltonian
can be expressed as
H ′(t) = γB′(t) · (Sˆ1 + Sˆ2), (30)
with
B
′(t) = B′(t)(sin ϑ cosϕ, sinϑ sinϕ, cosϑ) (31)
being the fluctuating field, where B′(t) describes the
strength of the fluctuating field and ϑ and ϕ are its
direction angles. We also set ϕ = 0 due to the axial
symmetry of the hyperfine interaction tensor. In this
case the magnetic noise Hamiltonian can be expressed as
H ′(t) = γB′(t)M(ϑ). The form of M(ϑ) is given in Eq.
(4), and the only difference is replacing θ by ϑ. Here we
consider a Gaussian white noise, i.e., 〈γB′(t)〉 = 0 and
〈γB′(t)γB′(τ)〉 = ΓBδ(t − τ). According to Eq. (29) we
can obtain the master equation:
d
dt
ρ(t) = −i[H0, ρ(t)]− ΓB[M(ϑ), [M(ϑ), ρ(t)]]. (32)
Here, two kinds of fields are investigated: the parallel
fluctuating field, i.e., ϑ = θ, and the vertical fluctuating
field, i.e., ϑ = θ + pi/2 (θ is the direction of the geomag-
netic field). For simplicity, we only consider the single-
nucleus RP model, i.e., N = 1. Considering B0 = 46µT,
Az = 5Λ and Ax = Ay = 3Λ as an example, we nu-
merically calculate Φs for the vertical (ϑ = θ+ pi/2) and
parallel (ϑ = θ) magnetic noises, and show the results
in Fig. 2. From Fig. 2(a) we can see that if the ver-
tical magnetic noise is approximately equal to or larger
than 0.1k, the singlet yield profile flattens out and thus
the magnetic sensitivity is destroyed completely. Because
M(ϑ)|D1(ϑ)〉 = 0, M(ϑ)|D2(ϑ)〉 = 0, M(ϑ)|B1(ϑ)〉 =
2|B1(ϑ)〉 and M(ϑ)|B2(ϑ)〉 = −2|B2(ϑ)〉, the noise
only decays 〈B1(ϑ)|ρ(t)|B2(ϑ)〉, 〈B2(ϑ)|ρ(t)|B1(ϑ)〉,
〈B1(ϑ)|ρ(t)|B1(ϑ)〉 and 〈B2(ϑ)|ρ(t)|B2(ϑ)〉. If the mag-
netic noise is vertical to the geomagnetic field, i.e., ϑ =
θ + pi/2, |Bi(ϑ)〉 overlaps with |Di′(θ)〉 the dark state of
HB (see Eq. (6)) (i, i
′ = 1, 2). So a part of dark state
population will decay with the decaying matrix elements
in the basises |B1(ϑ)〉 and |B2(ϑ)〉. As a result although
the RP exists (the RP lifetime is 1/k) there is no or no
enough dark state population to create the singlet yield.
So the vertical magnetic noise should be weak enough
(for example ΓB = 0.01k) in this way there is enough
dark state population to induce the singlet yield.
From Fig. 2(b), we can see that the magnetic sensi-
tivity is more robust to the parallel magnetic noise than
to the vertical magnetic noise. Only the parallel noise
is approximately equal to or larger than 10k (which is
much larger than 0.1k for which the vertical magnetic
noise destroys the magnetic sensitivity significantly), can
the singlet yield flattens out for large angles. Interest-
ingly, the magnetic sensitivity can be enhanced by the
parallel magnetic noise (for example ΓB = 1k). This can
be understood as follows: When ϑ = θ, the eigenvectors
of M(ϑ) is the same as those of HB (see Eq. (5)), and
interestingly the dark states of HB expand a subspace
which is immune to the parallel magnetic noise. Thus
the dark state population is more robust to the parallel
magnetic noise. However, due to the hyperfine interac-
tion the dark states can be transferred into the bright
states (specifically the dark state |Di(θ)〉 is transferred
into the bright state |Bi(θ)〉, i = 1, 2) which will be de-
cayed by the parallel magnetic noise. So if the parallel
magnetic noise is too strong the dark state population
will be decreased and then the magnetic sensitivity will
be disrupted.
B. hyperfine coupling noise
It is well known that the hyperfine interaction is es-
sential to the RP compass, and is related to the electron
envelope function. The electron can be influenced by
the inevitable environment, thus the hyperfine coupling
strength is not a constant but can fluctuate. We define
the hyperfine coupling noise as
H ′(t) = Iˆ ·A′(t) · Sˆ1. (33)
Here, we only consider the single-nucleus RP model and
the fluctuations for different directions being the same,
i.e., A′x(t) = A
′
y(t) = A
′
z(t) = A
′(t). In this case the
hyperfine coupling noise Hamiltonian can be expressed as
H ′(t) = A′(t)Iˆ · Sˆ1. Here we also consider the Gaussian
white noise, i.e., 〈A′(t)〉 = 0 and 〈A′(t)A′(τ)〉 = ΓHδ(t−
τ). According to Eq. (29) we can obtain the master
equation:
d
dt
ρ(t) = −i[H0, ρ(t)]− ΓH [Iˆ · Sˆ1, [Iˆ · Sˆ1, ρ(t)]]. (34)
Considering B0 = 46µT, Az = 5Λ and Ax = Ay = 3Λ,
we calculate the singlet yields for different strengths of
the hyperfine coupling noise, and plot Fig. 3 to show
the results. From Fig. 3 we can see that the hyperfine
coupling noise for ΓH = 1k almost does not influence
the singlet yield, and even for ΓH = 10k the magnetic
sensitivity is still very robust. The RP compass is more
robust to the hyperfine coupling noise compared with the
magnetic noise. So we can conclude that although the
electron can be influenced by the inevitable environment
and then the hyperfine interaction is influenced, the RP
compass can still orient. This can be understand from
the point view of the dark state population, i.e., the dark
state population is very robust to the hyperfine noise, so
that the orientation is very robust to the hyperfine noise.
V. DISCUSSIONS AND CONCLUSIONS
In this paper we have investigated who among quan-
tum entanglement, coherence or someone else, deter-
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FIG. 3. (Color online) The singlet yield Φs as functions of the
direction angle θ for the hyperfine coupling noises. Az = 5Λ,
Ax = Ay = 3Λ, B0 = 46µT.
mines the singlet yield. We have found that the dark
states of TEZE play a very important role in the singlet
yield. In this dark state basis, we have proved that the
dynamical process is an incoherent and local operation
that can not produce any dark state coherence as well
as any entanglement. Then we have calculated the sin-
glet yields for two initial states: the coherent state (in
the dark state basis) and the same state just removing
the dark state coherence where the dark state popula-
tion is preserved. For the later there are neither dark
state coherence nor entanglement in the whole dynam-
ical process. Surprisingly we have found that in both
cases the singlet yields are the same, and based on these
results, it can be concluded that the dark state popu-
lation determines the singlet yield completely, and the
dark state coherence and entanglement have little con-
tribution to the singlet yield. The dark state coherence
and entanglement have little contribution to the singlet
yield can be understood as follows: In the present RP
magnetoreception model, the nuclei around the electron
limit the time scale of the coherence behavior (or the en-
tanglement) to τ ∼ 1/A¯ = N/∑ |An| (τ ∼ 10−8s for
A¯ ∼ γB0) which is much shorter than the RP lifetime
1/k = 10−4s, so that the dark state coherence have no
enough time to contribute to the singlet yield. Due to
the spin relaxation, some real RPs can not sustain for
10−4s but generally for 10−6s which is also far greater
than τ ∼ 10−8s. Thus if we set k = 106s−1, our results
above are still valid. Finally, we have investigated the
effects of the magnetic field and the hyperfine coupling
noises. The vertical magnetic noise decreases the dark
state population significantly and then disrupts the sin-
glet yield anisotropy dramatically. However the singlet
yield anisotropy is robust to the parallel magnetic noise
and can be even enhanced, because the dark states ex-
pand a subspace which is immune to the parallel noise.
And the magnetic sensitivity is more robust to the hy-
perfine coupling noise, so that although the electron can
be influenced by the inevitable environment and then the
hyperfine interaction essential to the magnetic sensitivity
is influenced, the RP compass can still orient.
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Appendix A: Multi-nuclei RP model
In the main text, the single-nucleus RP model has
been discussed, and now we consider the multi-nuclei
RP model. Firstly, we only consider the vertical hy-
perfine interaction, i.e., Anx = Any = 0 for all n.
For simplicity, we assume that the hyperfine interac-
tion strengths for all the nuclei are the same, i.e.,
Anz = Tz/2 for all n. In this case the Hamiltonian
(see Eq. (1)) in the main text can be expressed as
Hˆ0 = γB · (Sˆ1+ Sˆ2)+TzSˆ1z Jˆz with Jˆz =
∑
n Iˆnz/2. And
the initial nuclear state (the completely mixed state) can
be expressed as ρI(0) =
1
2N
∑
J
∑
M ν(N, J)|J,M〉〈J,M |
where ν(N, J) =
(
N
N/2−J
)−( NN/2−J−1) denotes the degen-
eracy of the spin bath with
(
N
−1
)
= 0 [44]. |J,M〉 is the
eigenvector of Jˆz with Jˆz|J,M〉 = M |J,M〉, where J =
0, 1, 2, · · ·, N/2 for N being even, J = 1/2, 3/2, · · ·, N/2
for N being odd (N is the total number of the nuclei),
M = −J,−J +1, · · ·, J − 1, J [45]. In this case the effec-
tive field induced by the nuclear spins is MTzzˆ/γ. The
dark state coherence and population can be calculated as
fp(t) =
1
2N
∑
J
∑
M
ν(N, J)fpM (t),
fc(t) =
1
2N
∑
J
∑
M
ν(N, J)f cM (t)
(A1)
with
fpM (t) =
1
2
− 1
4
sin2(θM − θ)
[
1− cos(2ωM t)
]
(A2)
and
f cM (t) =
1
2
cos4
θM − θ
2
cos
[
2(ωM − ω0)t
]
+
1
2
sin4
θM − θ
2
cos
[
2(ωM + ω0)t
]
+
1
4
sin2(θM − θ) cos(2ω0t),
(A3)
where ωM = γBM , BM =
√
B2x + (Bz +MTz/γ)
2,
sin θM = Bx/BM , cos θM = (Bz +MTz/γ)/BM .
For odd nuclear number N , ignoring the hight fre-
quency oscillating terms, fp(t) and fc(t) can be expressed
as
fp(t) ≈ 1
2N+1
∑
J
∑
M
ν(N, J)
[
1− 1
2
sin2(θM − θ)
]
(A4)
8and
fc(t) ≈ 0. (A5)
Substituting Eq. (A4) (Eq. (A5)) into Eq. (11) (Eq.
(12)) in the main text, we obtain
Φc ≈ 0,
Φp ≈ Φs ≈ 1
2N+1
∑
J
∑
M
ν(N, J)
[
1− 1
2
sin2(θM − θ)
]
.
(A6)
Φc is always zero and Φp is always equal to Φs, which
means that the singlet yield is determined completely by
the dark state population.
For even nuclear number N , M can equal to 0, so that
the hyperfine interaction has no effect on the electrons,
i.e., the effective field MTzzˆ/γ induced by the nuclear
spins is zero. In this case, ωM=0 = ω0 and θM=0 = θ.
And there exists a constant term 1/2 in f cM (t) (see Eq.
(A3)). Neglecting the hight frequency oscillating terms,
fp(t) and fc(t) can be expressed as
fp(t) ≈ 1
2
− 1
2N+2
∑
J
∑
M
ν(N, J) sin2(θM − θ) (A7)
and
fc(t) ≈ 1
2N+1
N !
((N/2)!)2
. (A8)
Substituting Eq. (A7) (Eq. (A8)) into Eq. (11) (Eq.
(12)) in the main text, we obtain
Φc ≈ 1
2N+1
N !
((N/2)!)2
,
Φp ≈ 1
2
− 1
2N+2
∑
J
∑
M
ν(N, J) sin2(θM − θ).
(A9)
Φc is always a constant and is independent of the ge-
omagnetic field. As a result, although the dark state
coherence has contribution to the singlet yield, it does
not contribute to the magnetic sensitivity (∂Φc/∂θ = 0).
This can be understood as follows. When M = 0, two
electrons are only influenced by the geomagnetic field,
and there is no hyperfine interaction to induce the tran-
sition between the singlet and triplet states. Therefore
for the initial singlet state, its population is unchanged,
and thus Φc is a constant (
1
2N+1
N !
((N/2)!)2 ). Although Φp is
not equal to Φs, ∂Φ
0
p/∂θ = ∂Φs/∂θ, in another word the
magnetic sensitivity is completely determined by fp(t). It
is noted that Φc is decreasing with the increasing N , and
for a sufficiently large N the singlet yield which comes
from the dark state coherence will disappear.
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Fig. A1 (Color online) The singlet yields Φs (black-solid line), Φc (blue-dotted line)
and Φp (red-dashed line) as functions of the direction angle θ for differentN . Tz = 5Λ,
Tx = 3Λ. It should be noted that Φp for the odd nuclear numbers coincides with Φs.
Now we consider the horizontal hyperfine interac-
tion, and we still assume that the hyperfine interaction
strengths for all the nuclei are the same, i.e., Anx =
Any = Tx/2 and Anz = Tz/2 for all n. In this case
the Hamiltonian (1) in the main text can be expressed
as Hˆ0 = γB · (Sˆ1 + Sˆ2)+Tx(Sˆ1+Jˆ−+ Sˆ1−Jˆ+)+TzSˆ1zJˆz,
where Sˆ1± = Sˆ1x ± iSˆ1y and Jˆ± =
∑
n Iˆnx ± iIˆny. It is
convenient that we write the initial nuclear spin state (the
completely mixed state) in the angular-momentum repre-
sentation, i.e., ρI(0) =
1
2N
∑
J
∑
M ν(N, J)|J,M〉〈J,M |.
9The action of Jˆ± on |J,M〉 is given by J±|J,M〉 =√
(J ±M + 1)(J ∓M)|J,M ± 1〉. Setting Tx = 3Λ and
Tz = 5Λ as an example, we numerically calculate the
singlet yield as shown in Fig. A1. For N being odd,
Φc is always 0 for different N and Φp always coincides
with Φs, which means that the singlet yield is determined
completely by the dark state population. But if the total
number N is even, Φc is always a constant (not zero for
less N), and Φp always differs by a constant from that
of Φs for all θ, i.e., the magnetic sensitivity ∂Φp/∂θ for
dark state population is the same as ∂Φs/∂θ. The dis-
tance between Φp and Φs decreases with the increasing
of N . If N is sufficiently large, Φc becomes 0 and Φp co-
incides with Φs. That is to say, the magnetic sensitivity
for even nuclear number is also determined completely
by the dark state population.
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Fig. A2 (Color online) The singlet yields Φs (solid lines),
Φp (dashed lines) as functions of the direction angle θ for
different field intensities B0 = 32.2µT (olive-solid and
cyan-dashed lines), B0 = 46µT (blue-solid and magenta-
dashed lines), B0 = 59.8µT (black-solid and red dashed
lines). Ax = Ay = 3Λ, and Az = 5Λ. It should be noted
that Φp coincides with Φs for different field intensities.
Appendix B: Two important experimental results
There are two important experimental results which
strongly support the RP model. One is that the birds are
able to “train” to different field strengths: If the field in-
tensity changes in a suitable regime, for example the field
intensity is increased or decreased by about 30% of the lo-
cal geomagnetic field, the birds will disorient temporarily
but rework after a sufficiently long time to adapt them-
selves [16–19]. The other is that a very weak oscillating
field (generally 150nT or even 15nT) whose frequency is
resonant with the electron spin Larmor frequency in the
geomagnetic field can disorient the birds completely. But
if the oscillatory frequency is detuning from the Larmor
frequency, the birds can not be disoriented [20–23]. Now
we investigate the influences of the field intensities and
the weak oscillating field on the singlet yield from the
point of view of the dark state population one by one.
For simplicity, we only consider the single-nucleus RP
model.
Firstly we investigate the effect of the field intensity.
For relatively strong hyperfine coupling, we can expand
sin θ± and cos θ± by γB0/Az, and fp(t) (see Eq. (17) in
the main text) can be expressed as
fp(t) ≈ 1
2
− 1
4
sin2 θ − γ
2B20
A2z
(
3
4
sin2 θ − sin4 θ
)
. (B1)
Substituting Eq. (B1) into Eq. (11) in the main text,
one can obtain
Φp ≈ 1
2
− 1
4
sin2 θ − γ
2B20
A2z
(
3
4
sin2 θ − sin4 θ
)
. (B2)
It can be seen that the field intensity controls fp(t) (see
Eq. (B1)), thus affects the singlet yield (see Eq. (B2)).
The change of the field intensity, for example increas-
ing or decreasing by about 30% of the local geomag-
netic field, will induce the change of the singlet yield,
so that it disorients the bird transiently. But from Eq.
(B2) it can be seen that the singlet yield is mainly deter-
mined by 1/2 − sin2 θ/4 which decreases monotonously
with θ. And only the second order of γB0/Az influences
Φp (or fp(t)). Although changing the field intensity will
change the singlet yield, the monotonicity will be pre-
served. This monotonicity preservation ensures that the
bird reworks after a sufficiently long time to adapt itself.
When we consider the horizontal hyperfine interaction
Ax = Ay = 3Λ and Az = 5Λ, we numerically calculate
the singlet yield for different magnetic fields as shown in
Fig. A2. From Fig. A2 we can see that for different
fields Φp always coincides with Φs along different direc-
tions, which means that the dark state population deter-
mines the singlet yield completely. We also find that Φp
(Φs) for different field intensities decreases monotonously
with the direction angle and the 30% weaker (32.2µT)
and stronger (59.8µT) fields influence the angular profile
evidently. The changes of the angular profile means that
the birds will disorient if the field intensity changes sud-
denly, but the preservation of the monotonicity ensures
that the bird can reorient after a long time to adapt itself.
Next we investigate the influence of the weak oscillat-
ing field:
Brf = Brf cosωt(sinα cosβ, sinα sinβ, cosα), (B3)
where Brf = 150nT is the strength of the additional os-
cillating field with frequency ω, and α and β give the
direction of the oscillating field. Due to the axial sym-
metry of the hyperfine interaction tensor we set β = 0,
and only focus on α = θ + pi/2, i.e., the radio frequency
field is orthogonal to the geomagnetic field. When we
only consider the vertical hyperfine coupling, using the
time-dependent perturbation theory [14], we can obtain:
f rfp (t) ≈ fp(t)−
1
16
γ2B2rf cos
2(θ+ − θ)t2
− 1
16
γ2B2rf cos
2(θ− − θ)t2.
(B4)
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Substituting Eq. (B4) into Eq. (11) in the main text we
can obtain
Φrfp ≈ Φp −
γ2B2rf
4k2
[
cos2(θ+ − θ) + cos2(θ− − θ)
]
. (B5)
It is shown that the weak oscillating field influences the
dark state population fp(t) (see Eq. (B4)), so that de-
stroys the singlet yield anisotropy, and disorients the bird
completely. When we consider the horizontal hyperfine
coupling Ax = Ay = 3Λ and Az = 5Λ, we numerically
calculate the singlet yield under the influence of the os-
cillating field as shown in Fig. A3. It can be seen that
under the influence of the oscillating field, Φp coincides
with Φs and flattens out. Φp coincides with Φs means
that the singlet yield is still completely determined by
the dark state population, and the angular profile flat-
tens out means that under the influence of the resonant
radio frequency field the bird can not distinguish different
directions θ and disorients completely.
Appendix C: Singlet yield anisotropy comes from
the initial state anisotropy
Recently, Hogben et al. has pointed out that the sin-
glet yield anisotropy (the singlet yield is different for dif-
ferent θ), is essential to the magnetic sensitivity, which
not only can come from the anisotropic hyperfine interac-
tion but also can come from the anisotropic initial state
[13]. More specifically, if the initial state is isotropic
(for example the singlet state |S〉), the anisotropic hy-
perfine interaction (Anx = Any 6= Anz) can induce the
singlet yield anisotropy; and if the hyperfine interaction
is isotropic (Anx = Any = Anz), the anisotropic ini-
tial state (for example the triplet state |T0〉 = (|10〉 +
|01〉)/√2) can also induce the yield anisotropy. The sin-
glet yield anisotropy induced by the anisotropic hyper-
fine interaction has been investigated in the main text
and in Appendix A. For the case that the singlet yield
anisotropy is induced by the anisotropic initial state,
whether the singlet yield is still completely determined
by the dark state population needs to be discussed.
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Fig. A3 (Color online) The singlet yields Φrfs (olive-solid
line) and Φrfp (red-dashed line) under the influence of the
oscillating field compared Φs (black-solid line) without
considering the radio frequency field. Brf = 150nT, ω =
1.315MHz, B0 = 46µT, Ax = Ay = 3Λ, and Az = 5Λ. It
should be noted that under the influence of the oscillating
field Φrfp coincides with Φ
rf
s .
Let two electrons be initially in the triplet state |T0〉 =
(|10〉 + |01〉)/√2 and the hyperfine tensors for single-
nucleus and multi-nuclei RPs are Ax = Ay = Az = 5Λ
and Anx = Any = Anz = 5Λ for all n, respectively. We
numerically calculate the singlet yields for different nu-
clear number and show the results in Fig. A4. As shown
in Fig. A4 for the single-nucleus RP, Φp always coincides
with Φs and Φc is always zero for different θ. For the
multi-nuclei RP model, if the nuclear number is odd, Φp
is also coincident with Φs and Φc is always zero. If the
nuclear number is even, there is a little difference between
Φp and Φs. Through our numerical calculation we find
that Φp is approaching Φs and Φc is close to zero as N is
increasing. In one word the magnetic sensitivity for the
anisotropic initial state and isotropic hyperfine interac-
tion is also determined completely by the dark state pop-
ulation. We also consider other initial states and other
hyperfine tensors, and find that the magnetic sensitivity
is always determined by the dark state population.
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Fig. A4 (Color online) The singlet yields as functions of the direction angle θ for the
single-nucleus RP with Ax = Ay = Az = 5Λ and the multi-nuclei RP model with
Anx = Any = Anz = 5Λ for all n. Two electrons are initially in the triplet state
|T0〉 = (|10〉+ |01〉)/
√
2. It should be noted that Φp for odd nuclear numbers coincide
with Φs.
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Appendix D: Derivation of the master equation
Considering the classical noise, the total Hamiltonian is
H(t) = H0 +H
′(t) = H0 + h(t)hˆ. (D1)
In the interaction picture, the Liouville’s equation can be written as (~ = 1)
d
dt
ρI(t) = −i[HI(t), ρI(t)], (D2)
where ρI(t) = e
iH0tρ(t)e−iH0t, HI(t) = e
iH0tH ′(t)e−iH0t = h(t)eiH0thˆe−iH0t = h(t)hˆI(t). Generally, Eq. (D2) can be
solved by iteration [46, 47],
ρI(t) = ρI(0)− i
∫ t
0
dt1h(t1)[hˆI(t1), ρI(0)]−
∫ t
0
dt1
∫ t1
0
dt2h(t1)h(t2)[hˆI(t1), [hˆI(t2), ρI(0)]] + · · ·. (D3)
Due to the noise, the ensemble average density matrix satisfies the following equation:
ρ¯I(t) = ρI(0)− i
∫ t
0
dt1〈h(t1)〉[hˆI(t1), ρI(0)]−
∫ t
0
dt1
∫ t1
0
dt2〈h(t1)h(t2)〉[hˆI(t1), [hˆI(t1), ρI(0)]] + · · ·. (D4)
We consider a Gaussian white noise, i.e., 〈h(t)〉 = 0, thus the n′th-order correlation can be written as
〈h(t1)h(t2) · · · h(tn)〉 =


0 if n is odd,∑
all (n−1)!!
pairings
〈h(t1)h(t2)〉〈h(t3)B′(t4)〉 · · · 〈h(tn−1)h(tn)〉 if n is even, (D5)
with (n− 1)!! = (n− 1)(n − 3) · · · 5 · 3 · 1 [48]. We assume that 〈h(t)h(τ)〉 = Γδ(t − τ), i.e., the Markovian process,
and obtain
ρ¯I(t) = ρI(0)−
∫ t
0
dt1Γ[hˆI(t1), [hˆI(t1), ρI(0)]] +
∫ t
0
dt1Γ
2[hˆI(t1), [hˆI(t1),
∫ t1
0
dt2[hˆI(t2), [hˆI(t2), ρI(0)]]]] + · · ·, (D6)
which is just the iterative expression of the following differential equation [46, 47],
d
dt
ρ¯I(t) = −Γ[hˆI(t), [hˆI(t), ρ¯I(t)]]. (D7)
In the Schro¨dinger picture, it can be written as
d
dt
ρ¯(t) = −i[H0, ρ¯(t)]− Γ[hˆ, [hˆ, ρ¯(t)]]. (D8)
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